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Abstract

The problem of rigid body pose estimation is treated in discrete-time via discrete
Lagrange—d’ Alembert principle and discrete Lyapunov methods. The position and
attitude of the rigid body are to be estimated simultaneously with the help of vision
and inertial sensors. For the discrete-time estimation of pose, the continuous-time rigid
body kinematics equations are discretized appropriately. We approach the pose esti-
mation problem as minimizing the energies stored in the errors of estimated quantities.
With the help of measurements obtained through optical sensors, artificial rotational
and translation potential energy-like terms have been designed. Similarly, artificial
rotational and translation kinetic energy-like terms have been devised using inertial
sensor measurements. This allows us to construct a discrete-time Lagrangian as the dif-
ference of the kinetic and potential energy-like terms, to which a Lagrange—d’ Alembert
principle is applied to obtain an optimal pose estimation filter. The dissipation terms
in the optimal filter are designed through discrete Lyapunov analysis on a suitably
constructed Morse—Lyapunov function, and the overall scheme is proved to be almost
globally asymptotically stable. The filtering scheme is simulated using noisy sensor
data to verify the theoretical properties.
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1 Introduction

The pose of a rigid body with respect to a frame is a transformation from a body-fixed
frame to an inertial frame. The pose encapsulates the position of the center of mass
and orientation of the rigid body. Estimation of the pose of a rigid body has various
applications in the control of spacecraft, ground vehicles, underwater vehicles for
example. Generally, the position and attitude are estimated with the help of onboard
inertial sensors coupled with a dynamic model. However, when available, external
measurements such as GPS or tracking data of multiple points on the body are also
used for pose estimation (Amelin and Miller 2014; Vasconcelos et al. 2008; Vertechy
and Castelli 2007). Some techniques combine inertial sensors, vision sensors and
external measurements to estimate the rigid body pose. Furthermore, it is common in
several applications to operate in GPS denied environments. Therefore, an estimation
scheme relying on inertial and vision sensors with proven stability properties and a
large domain of attraction is necessary. Additionally, robustness to uncertainties and
noise is required.

In recent times, several stable nonlinear estimators evolving on non-Euclidean
spaces such as SO(3) or SE(3) have been presented with provably large domain of
attraction. A landmark-based nonlinear pose observer is proposed in Vasconcelos et al.
(2007) which is almost globally exponentially stable on SE(3). The pose estimation
scheme in Rehbinder and Ghosh (2003) uses line-based dynamic vision and inertial
sensors to provide a locally convergent attitude observer and subsequently a position
estimator. A quaternion-based pose estimator is presented in Filipe et al. (2015) where
cost functions based on estimation errors are constructed in discrete-time and mini-
mized to obtain a filtering scheme. The attitude estimation problem based on vector
measurements was first proposed as an optimization problem on SO(3) by Wahba
(1965). The cost function is known as Wahba’s cost function. In Vasconcelos et al.
(2010), the authors devise a pose estimator using a Lyapunov function defined as the
difference between the estimated and the measured landmark coordinates. For attitude
estimation, similar ideas are used in Mahony et al. (2008), Zamani et al. (2013), [zadi
and Sanyal (2014), Bhatt et al. (2020b). In Izadi and Sanyal (2016), the authors applied
the Lagrange—d’ Alembert principle to a Lagrangian constructed through state estima-
tion errors to obtain an optimal filtering scheme for the rigid body pose. However,
the work in Izadi and Sanyal (2016) provides a continuous-time pose estimator by
applying the (continuous-time) Lagrange—d’ Alembert principle to a Lagrangian. The
estimator is then discretized for numerical implementation, which voids the theoret-
ical guarantee of asymptotic stability provided by the continuous-time estimator. In
this work, we obtain a discrete-time pose estimation scheme by applying the discrete
Lagrange—d’ Alembert principle on a discrete-time Lagrangian. Furthermore, we also
prove guaranteed asymptotic stability by performing the discrete Lyapunov analysis
of the system and prove almost global asymptotic stability. Discrete-time observers
for only attitude with stability properties can be found in Bhatt et al. (2020a, b).

In this paper, we derive an optimal pose estimation scheme by minimizing the
“energy” stored in the state estimation errors. A discrete-time Lagrangian has been
devised, and the discrete Lagrange—d’ Alembert principle from variational mechanics
(Marsden and West 2001) is employed to obtain an optimal filtering scheme. It is then
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proved to be almost globally asymptotically stable via discrete Lyapunov analysis. The
pose of the rigid body is expressed in SE(3) without employing any local coordinates
(such as Euler angles or quaternion) and hence globally non-singular. Furthermore, the
estimation scheme presented here relies only on onboard sensor data. We also do not
make assumptions on the statistical properties of the measurement noise as is usually
the case for Kalman filter-based estimation schemes.

This paper is organized as follows. In Sect. 2, relevant notations are introduced
and the procedure to estimate rigid body pose using measurements is explained. The
continuous-time rigid body kinematics is discretized in Sect. 3. Section 4 contains
the application of variational mechanics to obtain a filter equation for pose estimation.
The filter equations obtained in Sect. 4 are proved to be asymptotically stable using the
discrete-time Lyapunov method in Sect. 5. Filter equations are numerically verified
with realistic measurements (corrupted by bounded noise) in Sect. 6. Finally, Sect. 7
presents the concluding remarks and possible directions future work.

2 Notation and Problem Formulation

2.1 Notation and Preliminaries

We define the trace inner product on R™*" as

(A1, Ag) = trace(A]TAz).

The group of orthogonal frame transformations on R? is defined by O(3) := {Q €
R3*3 | det(Q) = =+1}. The special orthogonal group on R3? is denoted as SO(3)
and defined as SO(3) := {R € R33 | RTR = RRT = I3}. Let there be some
R € SO(3) and b € R3. The corresponding Lie algebra is denoted as so(3) := {M €

R3>3 | M + MT = 0}. The special Euclidean group, SE(3), corresponds to the set of
all 4 x 4 transformation matrices of the form,

SE(3) := {<§ lf) e R4

Let ()% : R? — s0(3) ¢ R3*3 be the skew-symmetric matrix cross product operator
denoting the vector space isomorphism between R* and so(3):

R € SO(3) and b eR3}.

V1 0 —U3 U2
UX = V2 = U3 0 —V1
U3 —vm vy 0

Further, let vex(-) : s0(3) — R3 be the inverse of (-)*. The map exp (+) : s0(3) —
SO(3) is defined as

g
exp (M) =Y FM'(.
i=0
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We define Ad : SO(3) x s0(3) — s0(3) as
Adr$2* := R2*RT = (R2)*.

For the remainder of the article, the phrase “consider the time interval [7o, T]” indicates
that the estimation process will be carried out over the time interval [7g, 7] and is
divided into N equal subintervals [#;, t;+1] fori =0, 1, ..., N with ¢ty = T. The time
step size is denoted as, h := t;+| — t;. Further, given a state z(¢), z; := z(;). Give a
quantity B8, B denotes its measurement through an onboard sensor.

2.2 Navigation Using Optical and Inertial Sensors

Assume that a rigid body exhibits rotational and translation motion in an environment.
The pose estimation of the rigid body implies estimation of the orientation and position
of a frame S, fixed to the rigid body center of mass with respect to some inertial frame
0, fixed to the observed environment as shown in Fig. 1. Let R € SO(3) be the rotation
matrix from S to O and b € R3 be the location of the origin of S in the frame O. We
can write the pose g € SE(3) of the rigid body as,

g = [g [1?] . (1)

If there exists a column vector ¢ = [x y z]T € R?, then it can be represent as a column
vector y = [x y z 11T in R? as a subspace of R*. Furthermore, g € SE(3) acts on this
vector by a combination of rotation and translation as follows: gy = Ry + b.

Assume that there are 8 number of inertial vectors (such as gravity vector, magnetic
field vector) whose locations in the frame O are known (denoted as e; for j =
1,2,...,r8) and can be measured in the frame S via inertial sensors (denoted as ej.).
Furthermore, let there be beacons placed with their position vectors known (r° in
number)in the inertial frame O (denoted as p; for j = 1,2, ...,7°). The idea is to
measure the locations of these beacons in the vehicle-fixed frame S (denoted a ;) with
the help of optical sensors (marked as green in Fig. 1).

It is important to clarify at this stage that at any given discrete-time instant ¢#;, the
number of observed beacons and inertial vectors by the vehicle could be varying.
We therefore introduce the notations, rig and r{ to denote the corresponding inertial

and optical measurements available. It should be evident that rlfg ef{l1,2,...,r8} and
o0
r? € {1,2,...,r°}. We therefore have (ré) unique relative position vectors, which are

the vectors connecting any two of these optical beacon measurements. If two or more
optical measurements are available, the number of vector measurements that can be
used to estimate attitude are (réo )+rf. Ithas to be noted that attitude of the body can be
uniquely computed only if (r; ) + rl.g > 2, . If at least two inertial vector measurements
are available then beacon measurements are not required to estimate attitude, however,
at least one beacon measurement is necessary for the estimation of relative position.
It has been assumed that the velocities of the vehicle can be directly measured.
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g Frame S := {,y, 2}

ol

Fig. 1 Inertial landmarks in frame O as observed from vehicle S with optical measurements. O—inertial
frame, S—body-fixed frame, b—position of the center of mass of the body, p j—position of the j th peacon

in frame O, a j—position of the j th beacon in frame S, sk—position of the kth optical sensor in frame S,

qf —range from kth optical sensor to j th beacon

2.2.1 Pose Measurement Model

Employing the notation from Fig. 1, at the time instant #;, we obtain
pj =R(q) +5 +b=Raj +b, 2)

in the absence of measurement noise. Here j € {1,2,...r/}. In the presence of
measurement noise, a;” can be written as

m __ k\m k
a; —(qj') + 57,

1

r? _ 0
% Zjl=1 p;j be the mean of vectors p;, and a™ = i Zj’zl a’j?’ be the mean

[
Ti

of vectors a;". We obtain the following relation from (2):

Let p =

a" =RY(p—b)+¢, 3)

where ¢ is the additive measurement noise obtained by averaging the measurement
noise. As stated in the previous subsection, we obtain n := (rén ) relative vectors from
optical measurements. They are denoted as d; = pj — p; in O and the corresponding
vectors in the frame § are denoted as [; = ay — a; with A, [ € {1, 2, ..., rl.o}; AE L
We have

dj =Rlj = D =RL. )
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Putting them in the matrix formas D = [d;...d,]Jand L = [I1...],] € R3*" we
obtain
L"=R"D+ <, 5)

where . € R3*" consists of the additive noise in the vector measurements made in
the body frame S.

3 Discretization of Rigid Body Kinematics

Consider the time interval [fo, T]. Let 2 € R3 and v € R3 be the rotational and
translational velocity of the rigid body, respectively, in frame S. R € SO(3) is the
rotation matrix from body frame to inertial frame and b € R? is the position of rigid
body with respect to frame O expressed in frame S. The generalized velocity of the
rigid body is constructed as £ = [£2 v]T and the pose of the rigid body is,

SEQ3)> g = |:§ ll):| .
The continuous-time rigid body kinematics are:
R=RQ*, b=Rv=g=gt",
2% v
0 0

For the discrete-time pose estimation of the rigid body, the continuous-time kine-
matics are discretized as

where £V ;=

h h
Riy1 = R;exp (5(9141 + Qi)x), bit1 =bi + ERiJrl i +vit). (6
Therefore, the discrete-time kinematics of the rigid body pose can be expressed as

heo. )% heo. AXVh . .
gitl = gi |:€Xp(2(-{21-61 + Ql) ) CXP(Z(QH—l + -{211) )2 (Ul + U,+1)i| ' (7)

4 Discrete-Time Estimation of Motion from Measurements

Consider the time interval [7g, T']. Let .Qi and 7; be the estimated rotational and trans-
lational velocity of the rigid body, respectively, in the frame S at time instant ¢;. R;i
is the estimated rotation matrix from S to O and b; is the estimated position of rigid
body with respect to frame O expressed in frame S at time instant ¢;. The generalized
estimated velocity of the rigid body is constructed as éi = [[}i 9:1T. From (7), the
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estimated pose and its kinematics can be computed as

SEG) 3 & == [’; ”1} ,

hd 5 hed AV
i1 = & |:6XP (5(91'81 + -Qi)x> exp (§(~Qi+1 + -Qli)x)i (0 + Ui+1):| C®

The pose estimation error /; at time instant #; can be computed as

SEG) 3 g = gié'f] _ |:%1 b; —lQibz} _ [%l xll] )

where Q; = R; IélT is the attitude estimation error and x; = b; — Qil;i is the position
estimation error. The estimation error in the generalized velocity is denoted as

o= @E" E) = [‘;’] =& &, (10)

where w; = 2" — £2; is the angular velocity estimation error and v; = v" — ¥; is
the translational velocity estimation error. Here, sz and vi’” denote the measurements
of angular and translational velocities, respectively, at time instant #;. The discrete-
time kinematics of the attitude estimation error and the position estimation error are
evaluated as

Qis1 = Ri1RY
D h x \ pT
= QiRiexp E(wi+1 +wi)” )R, (11)
and

Xit1 = bit1 — Qip1biy
h A ~ h . R
=b; + Ri+1 3 Vi +vit1) — Qiy1 | bi + R 3 (Di + Dig1)

N h
=b; — Qit1b;i + RH—IE (v + vig1)

5 h x \ pT h
=bi — QiRiexp z(wi+l +wi)” |R; bi + Riq ) Wi +vig1).
Approximating exp ( %(a),-_H + w;) ><) by the first two terms in the expansion as
h X h X
exp E(wi+1 +w)” | =1+ E(a)i+l +w)”, (12)
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we have,

A h ~ X h
Xit1 =bi — Qib; — EQi (Ri(wi+l +0)i)) + Ri+1§ (v +vig1)
h A X h
=X — EQi (Ri(wi+1 + wi)) + Ri+1§ (i +vig1)- (13)

It has to be noted that approximation in (12) is accurate for small values of & and may
affect the stability results for very high values of A.

4.1 Discrete-time optimal pose estimator based on Lagrange-d'Alembert
principle

The error in the attitude estimation is encapsulated by Wahba’s cost function (Wahba
1965). Thus, the artificial potential function for rotation estimation error is defined as

A 1 N A
Uy =U"g, L" D)= Ekp(Di — R;L!",(D; — R;,L")W,), (14)

where D and L™ are as defined in (4) and (5), W = diag(w;) € R™*" is a positive
definite diagonal matrix of the weight factors for the measured directions, and k, > 0
is a scalar gain. The artificial potential function for translation estimation error is
defined as:

U =U'gi,a", pi) =« lyill* := || pi — Ria" — bil)?, (15)

where p and a” are as per (3) and k > 0 is a scalar gain. The total artificial potential
energy will be the sum of the artificial rotational and translational potential functions:

U :=UG, L], Di,a", pi)) =U" (&, L', D) +U' (i, ", pi)
1 N N
= Skp{Di = RiL], (D; — R;.L{")W;)
+icllpi — Rial" = bil . (16)

We define the artificial kinetic energy of the system as a quadratic in the generalized
velocity estimation error:

T =T (pE". &), (&}, EivD)
= % (pE" &)+ & &) (pE" E) + 9 El L E4D), (T

where m > 0 is a scalar, and ¢ (§", &) and (&'} |, &+1) are according to (10).
Note that the artificial kinetic energy 7; can also be written as the summation of
the artificial rotational kinetic energy 7;” and artificial translational kinetic energy 7./
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employing (10) as
T =T (i1, 0) + T Wig1,v) =T + T/
1 1
= @ir1 + o) m@ig1 + o)+ S @i+ o) Mm@ v, (18)
Let the discrete-time Lagrangian be defined as the difference between the artificial
kinetic energy and artificial potential energy terms:
& = L(wig1, 0, vig1, v, 8y LY Dy aj, pi)
=T (wit1, 0i) + T ig1, vi)) —U (&, LT, D) —U' (g, al", pi)
1 1
= S@ir1 + o) 'm@ig1 + o) + Wi + o) M1+ )

1 A A - A - A
= Skp(Di = RiL}', (D; = RiL{YW:) = | i — Rid" - bill*.  (19)

If the estimation process is started at time #¢, then the discrete-time action functional
corresponding to the discrete-time Lagrangian (19) over the time interval [fo, T] can
be expressed as

N
1 1
sa(L)i=hy {E(a)i+l + @) m(@ig1 + o) + 5 Wit + v) 'm i1 + v)
i=0
| R . L
- Ekp<Di —R;L!",(D; — Ri.L"W;) —k||pi — Ria]" — bi||2}~ (20)

We are now ready to state our first result on optimal pose estimation.

Proposition 1 The variational filter for pose minimizing the action functional $,;(.%;)
defined in (20) is given as
. R hedH. 5. X . . h_ 1 /.
Yi+2 + ir1 = exp <—§(~Qz+2 + 2i4+1) ) [(@it1 +9i) — 55 Z] — 5041 ]
E=¢"—q,
. . | exp (%(QHI + -Qi)x) exp (%(9i+1 + Qi)x>% (Di + Dig1)
8i+1 = 8i )
0 1
2D
where 141 contains Rayleigh dissipation terms for angular and translational motions

defined as
Lo | T
Mi+1 ¢ |:ﬁ+l] )

with Z; := Z'(8i+1, &, LT |, Dit1,aj"y, T, fi) defined by

70— | ~kpSri (Rix1) +m(Dip1 + Vi) " (Vi1 + i) + K(dﬁl)xﬁfﬂyiﬂ
v kR . vi
i+1Yi+1
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where S, (R;) := vex(I'' R; — RY I}) and T; == D;W; (L")
Proof Consider a first variation in the discrete attitude estimate as
SR = R T, (22)

where X; € R represents a variation for the discrete attitude estimate. For fixed end-
point variations, we have Xy = Xy = 0. A first-order approximation is to assume
that £2* and §£2* commute. Taking the first variation of the discrete-time attitude
kinematics according to the first equation of (6) and comparing with (22), we get

8Riy1 = 8R; exp <%(Qi+1 + Qi)x)
+ g R; exp (g<f>i+1 + fz,-)*)mm +$2)*
= Ii’iHEiXH. (23)
The above can be rearranged to
ﬁi+1%5(~(}i+l +02)% = ﬁiﬂxl’il
- 1'§1'+1Adexp (7%(f2i+l+ﬁi)x) by

h - 3\ X X X
= 28+ 20" = T, —Adexp(%(éiﬂmi)x)zi : (24)

which can be equivalently written as an equation in R? as follows:
h o o~ n h A R
55(9i+1 +§2i)) = Xit1 —exp <_E(Qi+l + Qi)x)2i~ (25)
Taking the variation of w; = ;" — Q;
S(@ist + @) = =8(Qi1 + $2). (26)
Next, we assume the variation in l;i to be,
8bi = Ripi, 27

where p; € R3 represents the variation in the discrete position estimate. For fixed end-
point variations, we have pg = py = 0. Taking the first variation of the discrete-time
position kinematics according to the second equation of (6) and comparing with (27),
we get
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. A .~ h . A h N
8bi 1 = 8b; + 0R; ¢ E(Vi+l + ;) + Riy ES(ViJrl + ;)
= Rit1pi+1 = Ripi + Ri+12,->_<,_1§(vi+l + i) + Ri+1§5(‘)z‘+l + D)

h . N h A A h . R
= ES(VH-I + Vi) = pi+1 — €xp <—§(9i+1 + -Qi)x)/)i - Eij_lz(vi—&-l + i)

(28)
and the variation of v; = v!" — D; gives us
S(it1 +vi) = =8(Dit1 + V). (29)
We have y; = p; — I@i&i’” — l;i. Therefore,
Syi = —8R;a" — b,
=R Z}a" — Ripi
=& (@) =i-n). (30)

Consider the artificial potential energy term in (14). Taking its first variation with
respect to the estimated attitude R, we get

k A N N N
suj = 7[7 {<—5RiL§", (Di — RiL])W;) +(D;i — R;L}", (_5RiL?1)Wi>]

i
= kp(=8R;L}", (D; = RiL{")W;)
= kp(=Ri T, (D; = RiL]YW)
= kptr (LT 5 R (D = RiLHW,)
= kptr ((Z)TL Wi DT &)
= kp(Z), L"W; D] R;)
= k,,%( =X LMW, DI R; — RTD;w; (L™)T)

1 L. .
:k,,5<>:l.X,1;TRi — R = kST (R) 2. (31)

Similarly, taking the first variation of the artificial potential energy function in (15)
and using results from (30), we get

suf = KyiTSyi = Kle ((Ezf")x > — ,0,-) . (32)
Similarly, we also obtain the variations in artificial kinetic energies as follows
y_ 2m T h A A\ X
87 = - (iyr + o) | exp| =5 (it1 +82)7 ) Zj = Zigy ), (33)
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2m h A h N
8T = —= (i1 + vi) " (eXp (—E(QH-I + -Qi)x>,0i + 275 O 400 — Pi+1) ,
(34)

with the help of relations from (25) to (29). Taking the first variation of the discrete-
time action sum in (20) and employing (31) to (34), we obtain

N
8sq =h Y {8T] + 6T — su] — sul!}
i=0
N

2m h = A
=h Z {T(wiJrl +a)t (eXp (—5(9141 + -Qi)x>2i - 2i+1>

m h A A h . R
+ o Wit + vi)T (exp <_E(~Qi+l + -Qi)x)/)i + 2:’115("”1 +v) - Pi+1>
—kpSE (RN Z; — iy ((a;")X o pi)} : 35)
We now apply the discrete Lagrange—d’ Alembert principle (Marsden and West

2001) with two Rayleigh dissipation terms 7; € R and f; € R> for angular and
translational motion, respectively,

N-—1
854 + h Z {TITZ',- +f,-T,0i} =0
N-—1

h A A
= {Zm(a)z—H + ;) ( (—5(9141 + -Qi)x>2i - 2i+1)

i=0
+2m(vit1 + vi) (GXP (-—(91+1 +£2) >pi + Eiilg(ﬁi+1 + Vi) — pi+1)
—kphST(R)Z; —ehyT (@) 5 = pi) bl 5 + hf o} =0, (36)
Splitting (36) into two equations assuming independence of X; and p; will give us
2m(wi+2 + wit1)" exp (—%(ém + le-m*) = 2m(wis1 + i)

— hm(igt +v0) T Big1 + 0% — —kphST._ (Rit1)
— iyl (@) +hTly =0, (37)

and

h A «
2m(vit2 4 vig1) T exp <_5(Qi+2 + -QH—I)X> —2m(vis1 +vi)T

+khyl Rig1 +hfT = 0. (38)
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The above equations can be simplified to obtain
h o o4 A « h N
wi+2 + wi41 = exp _5(9i+2 + Qi) || wit1 + o + E{kPSFH—] (Ri+1)

— m(Dig1 + ) i1 +vi) — k@) R yig1 — Ti+1}:| =0,

(39)
and
h 4 A X
Vi+2 + Vi+1 = exp —5(9i+2 + 2107 || vit1 +vi
h 5T
— o kR v + S} | =0, (40)
which in turn can be combined to obtain (21). m]

5 Discrete-Time Asymptotically Stable and Optimal Pose Estimator

For the discrete-time Lyapunov analysis, we use the same combination of artificial
potential energy-like terms as defined in (16). We construct a new kinetic energy-like
term to encapsulate the error in the generalized velocity estimation. This term will aid
us in the Lyapunov analysis. We propose the following kinetic energy-like term:

T =T (p(&", &)) = %qo(s;", E)To(EM E), @1

where m > 0 is a scalar. We carry out the Lyapunov analysis in the absence of
measurement errors. The following Lemma provides the form of the artificial potential
energy term in the absence of measurement errors.

Lemma 1 In the absence of measurement noise, the artificial potential energy defined
in (16) takes the form

U = UG, LT, Dy, @, pi) = kp(l — i, Ki) + k3] i, (42)
where K; = D;W; D} and y; = y(h;, pi) = O xi + (I — O}) pi.

Proof In the absence of measurements errors, wehave L' = L;,a;" = a; and§" = &;.
The rotational potential function can be rewritten as

b

U (g, L™, D;) = 7”<Di — R;L", (D; — RiL™W;)
= 7”<1—Rié?, D;W;D}")
= U (Q;) = kp(I — Qi, K;) where K; = D;W;D].

=~

@ Springer



86 Page 14 0f23 Journal of Nonlinear Science (2022) 32:86

Since we have Ié,-L,- = Ql.TD,- and l;i = Ql.T(b,- — x;) we get
_ _ 5= L _ AT T =
yi =y, pi) =pi — Ria; —b; = Q; x; + (I — O0;)pi,
as the form of potential energy in the absence of measurement errors. O

We state the following assumption that is relevant for the proof of asymptotic
stability.

Assumption 1 The measured beacons and inertial vectors are fixed throughout the
estimation process which results in K; = K and p; = p for some constants K € R"*"
and p € R> for all ;.

We are now ready to state the main result of this article on an optimal asymptotically
stable pose filter.

Theorem 2 Consider the following form of the dissipation term in (43)

2 h,
it = o m(@iy1 + @) — EZ,-

h A N
1 SP <§(~Qi+2 + -QH—I)X) [2m@is1 —hZit1] } (43)

Then the resulting nonlinear pose estimator given by,

Qir1 = g [(m — D — hZ;]

& =&"—¢,

s Texp (502 + 207) exp (4 + 20%) & (5 + D)
8i+1 = 8i 0 |

’

(44)

where and Z; = Z(g;, L, D;, a!", p;) is defined by

1

Z(gi, L?n, D;,a"

i

By = | koSt R) FRE(QF (= b0)" it +30) | 45
kR Vi1 + yi)

where I'; = D; W,'(L;")T, S (ﬁi) = vex(l"l.TIéi - I%;rl“,') andl > 0,1 # m, is
asymptotically stable under Assumption 1 at the estimation error state (g;i, ¢;) =
(1, 0). Further, the domain of attraction of (g;, ;) = (I, 0) is a dense open subset of
SE(3) x R°.

Proof We choose the following discrete-time Lyapunov candidate:
Vii=V(Qi, hi, pi) =U + T,

The stability of the attitude and angular velocity error can be shown by analyzing
AV, = AU; + AT
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Using Assumption 1, we first calculate

Auir o1 — Ul = kp(I — Qit1, K) — k(I — 0, K),
= p(Ql_QH»l’ >—_kp<AQi:K)’

where AQ; = Q;4+1 — Q;. Now,
AQ; = Qit1 — Qi
D h . ~ x|\ pT
= Qi | Riexp E(CUH—l +w)” R —1|.

Approximating exp (%(cAu,-.H + @) ><) as shown in (12), we have
AQ; = Qi [ (1 + 2 @i + o) ) Rl — 1]
h D [~ A X pT
= 30 (Ri(@i1 + 0 RY)
h A LA\ X
= EQi (Ri (@it1 + wi)) :
In the absence of measurement errors, we have le = RiT D;. Therefore,

AU = _kph <Ql (Iéi (wiy1 + Cl)i)>x ; Ki>

ks

P Ri(igs + wn)* BT, W, DY)

”I*‘I
TN N
Dl IS

<(w,+1 +w) R, RTD; Wl-DiT>

@1+ )" R, LW D] ).

NI

We can further simplify the above expression using I'; = D; W; (L:.")T.

kph N
AZ/{l'r = —T<(U)t+l +(1)1) s Fl'TRi>

k h Tp pT

=~ (@i +00*, IR — R
kph A

= =~ @iy + o) Sp(R)

h k,Sr (R;
= —J@in +<pi>T[ pori( ')} (46)
where Sr; (R;) = vex(I"R; — RTI).

@ Springer



86 Page16.0f23 Journal of Nonlinear Science (2022) 32:86

Similarly we can compute the change in the translational potential energy as follows:

=U"ig1) —U (i)
= it1 — ) kit + Vi)
= (Vit1 — V) K Gt + Vi)

Under Assumption 1, we have,

yi=Qlxi+ - 0NHp
Viel = Ol xig1 + (L — QLD 47)

Therefore, the discrete-time evolution of y; is
Yie1 = ¥i = Qf byt — bit1 — <Q b — ) +(Qi — Qi)' p
= Ri1R], <bi + Ri+1§ (vi + Vi+l)> — O/'b;
o h, .
—\bi+ Rit17 (Vi 4 Dig1) — b
T _ A h
=(Qi+1 — Qi) (bi — p) + Ri+1§ (vi +vig1)
h . <7 .~ h
=3 [Qi (Ri (@i+1 + wi)) ] (bi — p) + Ri+1§ (vi +vip1)
h - x o .k
5 (Ri (wiy1 + wi)) Q; (bi —p)+ Ri+1§ (vi + vit1)
hy o \X A < h
=3 (2T =P) R+ o)+ Ring @i+ o). @)
Using (48), we obtain
AU = (Yig1 — ¥i) K Qig1 + i)
h R ) x R
=5 |:(0)i+1 +w) "R} (Q,-T(P - bi)) + (i +vip)" Ri&l} Yis1 + i)

_ ﬁ |:a),-+1 + a),] KRT (QT(P bz))x Yit1 + yi)
2 | vi +vig1 KRT i1 + 30

:g(¢i+1+(pl)T [KRT(QT(p b))~ (yz+1+yi)] 49)

KRl+l(yl+l + i)
Similarly we can compute the change in the kinetic energy as follows:
AT =T (piv1) — T (@)
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T m
= (gi+1 + i) 3((Pi+l = %i). (50)
Using values from (46), (49) and (50), we obtain
AV; = AU + AU + AT,

h k,Sr (R; m
= _§(¢i+l + )" [ P %( '):| + (@it +§0i)TE(‘Pi+1 — i)

h
+ = (pis1 + )"

["K‘T (QI'TEI_’ — b)) it + yi)}
2

KRE (i1 + yi)
1 T
= §(¢i+1 + i) {m(pit1 — i)

L | RS R+ RE(QF (P = b)) Gt 30 || 51)
KR[+1(yi+l + yi)

Using (45) yields
1 T
AV = §(§0i+1 + i) {m(pit1 — i) +hZi}.
Therefore, AV, can be written as
1 T
AVip = §(<Pi+2 +@it1) {m(@iv2 —@iv1) +hZip1}.
Substituting for ¢; 4 from (21),
1 T
AViy = §(¢i+2 +@it1) ) —2m@it1 +hZiy
h A A « h_, h
+ exp —5(9i+2 + £2i11) m(@it1 + @) — EZ,- — Sl (-
Now, in order for AV, to be negative definite, we require

hoa A o h_, h
exp —E(Qi_,_z + £2i41) m(@i+1 + @i) — EZi - zni+l

—2meiy1 +hZip = —1(@it2 + @it1), (52)

where [ > 0,/ # m. AV, simplifies to

l
AVip1 = 3 (@it2 + @ieD) T (Pit2 + @it1) - (53)
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Again substituting the value of ¢; > from (21) into (52), we have

ho. . h., h
exp _E(QH-Z + 2i11) m(@iy1 +@i) — EZi B 2me;t1

/ h A A « h_, h
+hZiyy =——exp | —5(Qit2+ 2i+1)" ) |m(@iv1 + @) — =Z; — =nit1 |-
m 2 2 2
Streamlining the terms in the above equation, we obtain

m—+1

m

hoa A o h_, h
exp — E(.Qi_;_z + £2i41) m(@i+1 + @i) — Ezi e

=2mgit1 —hZi,

which upon further simplification yields

h_, h
m(@i+1 + i) — EZ" — 57+

h A R
1 P (E(QHZ + 95+1)X) [2m@is1 —hZit].

Rearranging the terms above, we obtain the value of n; as shown in (43). After sub-
stituting for n; in (44), we get

1
Pitr = [(m —Dgisa —hZip1]. (54)

(54) can be rewritten in the previous time step as
1
Pitl =7 (m —Dei —hZi]. (55)

We can rewrite AV; with the help of (53) to be,

l
AV = —5 @1+ )" (@it1+ o). (56)
We employ the discrete-time La Salle invariance principle from LaSalle (1976)
considering our domain (SE(3) x R%) to be a subset of R!2. We use Theorem 6.3 and
Theorem 7.9 from Chapter 1 of LaSalle (1976). For this, we first compute,
& = AV;7H(0) = {(3i, ¢i) € SEG) x R® | gip1 + ¢ = 0}, (57)

Now,

Yir1+9i=0= w11 +w; =0, viy1+v; =0. (58)
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From (11), wj+1 + w; =0 = Q;1+1 = Q;. Therefore, we have AU = 0 whenever
wi+1 + w; = 0. This implies that the potential function, which is a Morse function,
is not changing and therefore has converged to one of its stationary points. At the
stationary points, we have that Sr; (R;) = 0. Furthermore, 1 is the global minima of
the Morse function with an almost global domain of attraction.

From (13), we obtain that x; | = x;, and therefore, from (47) we also have that
vi+1 = Yi. Note that we have g;+1 = g; when Q;11 = Q; and x;4+1 = x;. Further
substituting (58) into (44), we have

hZi _he [1%? (0F (5 —b0)" (yo]

¢ =
l 2m m l+1()’l)
Similarly,
Gitl = hie | RE,, (OF (P — bis)) ™ ()
l - b
m ,+2(yz)

and since  YirL + @i = 0, we have (R,+1 + R,+2) yi = 0 which can be rewritten
as (I + Rl+1Rl+2)yl = 0. It is evident that (I + Rl+1Rl+2) is non-singular, and
therefore, y; = 0. Note that y; = Ql xi + U — QlT)p. Therefore, when Q; = I, we
have y; = x; and subsequently x; = 0 with Q; = I gives us l;i = b;. Therefore,
the largest invariant set for the estimation error dynamics will be .Z = {(g;, ¢i) €
SE(3) xR® | g; = I, ¢; = 0}. Furthermore, we obtain the positive limit set as the set,

S =N V0)
= {(gi’ (pl) € SE(3) X RG | gi - I,(pi = O}
with an almost global domain of attraction.

This completes the proof of asymptotic stability of estimation error state (g;, ¢;) =
(1, 0) with an almost global domain of attraction. O

6 Simulation Results

In order to numerically verify this estimator, simulated true states of an aerial vehicle
are produced using a six-degree-of-freedom (6DOF) rigid body dynamics model. The
continuous-time 6DOF rigid body dynamics equations are as follows:

b= Rv
myp = —my$2°v + ¢,
R = R
J, 2 =—-2%J,2 +1,, (59)

where m, and J, are the mass and moment of inertia of the rigid body, respec-
tively. ¢, and t, are the total force and torque in the body frame, respectively. A
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numerical method for the simulation of 6DOF rigid body dynamics is presented
in Baraff (1997). Several efficient algorithms to compute rigid body dynamics can
be found in Featherstone (2014). The vehicle mass and moment of inertia are
taken to be m, = 0.42 kg and J, = diag(10~3 x [51.2 60.2 59.6]) kg-m?,
respectively. The resultant external forces and torques applied on the vehicle are
¢ (1) = 1073[10c0s(0.17) 2sin(0.27) — 2sin(0.51)]T N and 7, () = 10~%¢, (r) N-m,
respectively. The flight area is assumed to be a cubic space of size 20 x 20 x 20m with
the origin of the inertial frame located at the center of this cube. The initial attitude
and position of the vehicle are

x 3 627"\
Ry = expmgq 3 ZX 7777 )

and by =[2.50.5 —3]" m.
The vehicle’s initial angular and translational velocities are

20 =1[0.2 —0.050.1] radss,
and vy = [—0.05 0.15 0.03]T m/s.

The vehicle dynamics is simulated over a time interval of T = 60 s, with a time
step size of h = 0.01 s. The trajectory of the vehicle over this time interval is depicted
in Fig. 2. The following two inertial directions, corresponding to Nadir and Earth’s
magnetic field direction are measured by the inertial sensors on the vehicle:

d =100 -1 & =1[0.10975 —0.2]".

For optical measurements, 8§ beacons are placed at the corners of the room. It has been
assumed that at least two beacons are measured at each time instant. The observed
directions in the body-fixed frame are simulated with the help of the aforementioned
true states. The true quantities are disturbed by bounded, random noise with zero mean
to simulate realistic measurements. Based on coarse attitude sensors like sun sensors,
optical sensors and magnetometers, a random noise bounded in magnitude by 2.4°
is added to the matrix L = RT D to generate measured L™. Similarly, random noise
bounded in magnitude by 0.97°/s and 0.025m/s, which are close to actual noise levels
of coarse rate gyros, are added to £2, v to generate measured £2™ and v™, respectively.
The scalar gain m = 1.5 and the dissipation term is chosen to be, / = 0.1. Furthermore,
the value of the gains k, and « are chosen to be k, = 150 and « = 100. The state
estimates are initialized at:

g=1, £0=1[0.10.450.05]"radss,
and Dy = [2.05 0.64 1.29]T mys.

It is to be noted that the estimation scheme presented in Sect. 5 is a discrete-time
almost global asymptotically stable estimation scheme for simultaneous estimation
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Fig.2 Trajectory of the body

of position, attitude, linear velocity and angular velocity. The filter equations in (44)
are implicit and therefore have to be solved simultaneously at each time instant in
order to obtain estimates for that time instant. We start with a set of random initial
state estimates as given above. With the help of the procedure mentioned in the pre-
vious paragraph, true values of inertial and optical directions, angular velocity and
linear velocity are disturbed with random noise to generate realistic measurements
and these measurements are fed into the filter equations at each time instant in real
time. The equations in (44) are simultaneously solved with the help of fsolve available
in MATLAB at each time instant to generate estimated values of state trajectories for
60s. The estimates are then compared with initially generated true state trajectories.
The position and attitude estimation error are shown in Fig. 3a and b, respectively.
We observe that both the position and the attitude errors converge to a bounded set
around the equilibrium after about 30s. The size of the bounded set is dictated by the
noise magnitudes. The corresponding velocity error plots are shown in Fig. 3¢ and
d, respectively, and show desired performance. It is important to note that we are not
required to assume the noise distribution properties.

7 Conclusions

An asymptotically stable and optimal discrete-time rigid body pose estimator has been
presented in this work. Suitable artificial potential energy and kinetic energy-like func-
tions of state estimation errors were used to construct a Lagrangian in discrete time.
The discrete Lagrange—d’ Alembert principle was applied to this Lagrangian to obtain
an optimal filtering scheme. The dissipation terms were calculated through a discrete
Lyapunov analysis carried out on a Morse—Lyapunov function that corresponds to the
total energy function constructed from the kinetic and potential energy-like terms used
to construct the Lagrangian. The theoretical assertions are supported through realistic
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Fig.3 Performance of the estimator

numerical simulations. It has been observed that the estimation errors converge to a
bounded neighborhood of the true states. The rates of convergence and domain of
convergence can be controlled by changing scalar gains associated with the poten-
tial and kinetic energy-like terms that make up the Lagrangian. Future work in this
domain would look into designing an explicit filtering scheme by constructing a suit-
able cost function, so that numerical computations are faster and simpler for onboard
implementation.

References

Amelin, K., Miller, A.: An algorithm for refinement of the position of a light uav on the basis of kalman
filtering of bearing measurements. J. Commun. Technol. Electron. 59(6), 622-631 (2014)

Baraff, D.: An introduction to physically based modeling: rigid body simulation i—unconstrained rigid
body dynamics. SIGGRAPH course notes 82, (1997)

Bhatt, M., Sanyal, A.K., Sukumar, S.: Optimal multi-rate rigid body attitude estimation based on lagrange-
d’alembert principle. arXiv preprint arXiv:2008.04104 (2020)

Bhatt, M., Sukumar, S., Sanyal, A.K.: Rigid body geometric attitude estimator using multi-rate sensors. In:
2020 59th IEEE Conference on Decision and Control (CDC), pp. 1511-1516. IEEE (2020)

Featherstone, R.: Rigid Body Dynamics Algorithms. Springer, New York (2014)

@ Springer


http://arxiv.org/abs/2008.04104

Journal of Nonlinear Science (2022) 32:86 Page230f23 86

Filipe, N., Kontitsis, M., Tsiotras, P.: Extended kalman filter for spacecraft pose estimation using dual
quaternions. J. Guid. Control. Dyn. 38(9), 1625-1641 (2015)

Izadi, M., Sanyal, A.K.: Rigid body attitude estimation based on the Lagrange-d’ Alembert principle. Auto-
matica 50(10), 2570-2577 (2014)

Izadi, M., Sanyal, A.K.: Rigid body pose estimation based on the Lagrange-d’ Alembert principle. Auto-
matica 71, 78-88 (2016)

La Salle, J. P.: The stability of dynamical systems. Society for Industrial and Applied Mathematics 25,
(1976)

Mahony, R., Hamel, T., Pflimlin, J.M.: Nonlinear complementary filters on the special orthogonal group.
IEEE Trans. Autom. Control 53(5), 12031218 (2008)

Marsden, J.E., West, M.: Discrete mechanics and variational integrators. Acta Numer. 10, 357-514 (2001)

Rehbinder, H., Ghosh, B.K.: Pose estimation using line-based dynamic vision and inertial sensors. IEEE
Trans. Autom. Control 48(2), 186—-199 (2003)

Vasconcelos, J.E., Cunha, R., Silvestre, C., Oliveira, P.: Landmark based nonlinear observer for rigid body
attitude and position estimation. In: 2007 46th IEEE Conference on Decision and Control, pp. 1033—
1038. IEEE (2007)

Vasconcelos, J.F.,, Cunha, R., Silvestre, C., Oliveira, P.: A nonlinear position and attitude observer on se (3)
using landmark measurements. Syst. Control Lett. 59(3—4), 155-166 (2010)

Vasconcelos, J.F., Silvestre, C., Oliveira, P.: A nonlinear gps/imu based observer for rigid body attitude and
position estimation. In: 2008 47th IEEE Conference on Decision and Control, pp. 1255-1260. IEEE
(2008)

Vertechy, R., Castelli, V.P.: Accurate and fast body pose estimation by three point position data. Mech.
Mach. Theory 42(9), 1170-1183 (2007)

Wahba, G.: A least squares estimate of satellite attitude. STAM Rev. 7(3), 409 (1965)

Zamani, M., Trumpf, J., Mahony, R.: Minimum-energy filtering for attitude estimation. IEEE Trans. Autom.
Control 58(11), 2917-2921 (2013)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor holds exclusive rights to this article under a publishing agreement with the
author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is
solely governed by the terms of such publishing agreement and applicable law.

@ Springer



	Discrete-Time Rigid Body Pose Estimation Based  on Lagrange–d'Alembert Principle
	Abstract
	1 Introduction
	2 Notation and Problem Formulation
	2.1 Notation and Preliminaries
	2.2 Navigation Using Optical and Inertial Sensors
	2.2.1 Pose Measurement Model


	3 Discretization of Rigid Body Kinematics
	4 Discrete-Time Estimation of Motion from Measurements
	4.1 Discrete-time optimal pose estimator based on Lagrange–d'Alembert principle

	5 Discrete-Time Asymptotically Stable and Optimal Pose Estimator
	6 Simulation Results
	7 Conclusions
	References




